4. 


ON CERTAIN EXPANSIONS, IN SERIES OF MULTIPLE SINES 
AND COSINES. 


[From the Cambridge Mathematical Journal, vol. 11. (1842), pp. 162—167.] 


In the following paper we shall suppose e the base of the hyperbolic system of 
logarithms ; e a constant, such that its modulus, and also the modulus of : HM = Jl — #4), 


are each of them less than unity; y {e"”'} a function of u, which, as u increases 
from 0 to m, passes continuously from the former of these values to the latter, without 
becoming a maximum in the interval, f{e“”(~)} any function of u which remains finite 


and continuous for values of u included between the above limits. Hence, writing 


ATT TE ME GMAIL oh ys E A F (1), 
and considering the quantity 


JIZ @f few} 


J Letty’ feu" 0} (1 — e cos u) 


a function of m, for values of m or u included between the limits 0 and 7, we have 


J1—@ f {ev} 23 2 cos rmf’ JT= ë f {e} cos rm dm 3), 


— let y’ few) (1—ecosu) T o S1 een y feun) (1—ecosu) 


Poisson, Mec. tom. I. p. 650); which may also be written 


M JI- e f {ev} -2y o cosrm |" V1- efen} cos rx {er} du (4) : 
am 1 ev” m) {err} (1 —ecos u) mT i 0 1 — é€COS u á 


nd if the first side of the equation be generally expansible in a series of multiple 
osines of m, instead of being so in particular cases only, its expanded value will 
lways be the one given by the second side of the preceding equation. 
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Now, between the limits 0 and r, the function 
J {et} cos ry fee) 


will always be expansible in a series of multiple cosines of.u; and if by any algebraica] 
process the function fp cosryp can be expanded in the form 


Sp CES BEEP Sy tg), ce va ORT, (5) ; | 
we have, in a convergent series, 
F fet") cos ry, {e44Y} = F 22” Gy COB SU 00. i reas (6). 
Again, putting ; bE Dea ey ORE A NL T N E (7), 
a yi e œ 
we have oes Di DE NP OR Bt oeli tea talon (8). 


Multiplying these two series, and effecting the integration, we obtain 
— ef {err} uN (=) 
=|" Jl-é¢ efi € } cos TX. fe jdu _ 2 {4a EI (a,r8)} de ore (9), 


l —ecosu 


and the second side of this equation being obviously derived from the expansion of 
freosrxyr by rejecting negative powers of à and dividing by 2, the term independent 
of à may conveniently be represented by the notation 


| FETA PPG EIT ETS. 
BP nee E E AOAO E (10) ; 


where in general, if Tà can be expanded in the form 


E AOS hte A ida! asi... SOT AEEA .2 (11), 
wa have x= EATE oE E Ai ox barn dcrva Bi Petal bok Oxia (12). 


(By what has preceded, the expansion of TA in the above form is always possible 
in a certain sense; however, in the remainder of the present paper, IA will always 


be of a form to satisfy the equation T (5) =T), except in cases which will afterwards 
be considered, where the condition A_,=A, is unnecessary.) 


Hence, observing the equations (4), (9), (10), 
JI- effen) -5 
JSI een y (eN) (1 — e cos u) 
from which, assuming a system of equations analogous to (1), and representing by TI (®) 
the product ®,®,..., it is easy to deduce 


mf pT per, eNi ...]} 
w, — 1 ew y (e) (1 — e cos u) 


_ 2 COS TM 2 COs TYAPA.. ce sores (13); 
Napa 


P A SDAR 
=> 9 aa ... cos rm Il (2 cos ryan) f (M, Ag se-)ecererers (14), 
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where T (Ai, M...) being expansible in the form 
DON A ENN LAG, Ae ec (15), 
C nee 2 BE aa A sig uasiars (16), 
N being the number of exponents which vanish. 


The equations (13) and (14) may also be written in the forms 


Fifer} = > Epes cos rm 2 cos mp FATA OPE a flea (17), 


f ferw =n, eN (—1) p J 


=%_22_°... IÍ (cosrm) II f cos na FTO PEN Fe, Da sxe hes 
As examples of these formule, we may assume 
XM [eM DY) = om =U — ESI E E ee eesceeene es (19). 
Hence, putting 
ae eae et Ss a a (20), 


and observing the equation 
al 9g! [VN] 1 — 1 A eceeeeterreenennees (21), 


the equation (17) becomes 


{1 — $e(A+A7)}? 


Siler} = Par cosrmA, Mae st A, LARA ERE (22). 
Thus, if Oe Be tas r aamin eA A AA ha ecb is (23), 
1 —ecosu 
assumi uea We tan a 
uming SF eV) gy eneee ennnen (24), 
| SS E ERS SE Ba OLE e ee 
cos (P= a) = 3 s pi cosrm (LHe FAY HAHN) —J A, ...25), 
the term cørresponding to r=0 ma 
1 
eSB AT CWR BAN, me Becca 26). 
T. e—e (+1) (26) 
Again, assuming 
AN dé Jie 
f {eum 1) = mn" Seer ane (27), 
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and integrating the resulting equation with respect to m, 


z_e oE 


0 == A, =m + 23° 


a formula given in the fifth No. of the Mathematical Journal, and which suggested the 
present paper. 


As another example, let 


filet = = cos (0 - @) on = = vie lowes ATREA PE ANNY (29). 


Then integrating with respect to m, there is a term 


$(A+A) —e 


3m Tedd) a a lala ae, Gleie/cloruininimintetavalvtwgine/e 
be a ee ee 


which it is evident, à priori, must vanish. Equating it to zero, and reducing, we obtain 


eS ant Ls. TOA 
es NRA 
I-e 1—4e(A+a>) essees eee reeset stereos esesseseses (81), 
Sd 6 ae Sa E 
3 e e o e j 
that 18 Loan tg Mtl +y O + 3a) + ott 4 +3) +... A S (32), 


a singular formula, which may be verified by substituting for à its value: we then obtain 


sin (0— w) =23° sin ma poel T Saree ETT 


The expansions of sin k(0-—%w), cosk(0—w), are in like manner given by the 
formulæ 


cos k(0— w) =E _2 A,L cos kÈ COSTM oceno (34), 
pe AL ASE RS, 
sink(@—w)=S_2 A, r1 ae i o (35), 


where, to abbreviate, we have written 


fk A+A>) -e) _ 
oa es SLE 25, i REED. (36), 
sesh An sal 
Jizé EE ONERE T. (37). 


+ 


Forming the analogous expressions for 


cosk (0-a), sink (0 — w’), 
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ubstituting in 
cos k (0 — 6’) = cos k (æ — a’) {cos k (0 — w) cos k (0 — a’) + sink (0 — w) sink (@ —a’)} 
— sin k (w — w’) {sink (0 — w) cos k (F — w’) — sin k (0 — a’) cos k (0 — œ)}, 


and reducing the whole to multiple cosines, the final result takes the very simple form 


cosk (0—0) =%_® cos {r’m’ — rm + k (w — =} A,A’ cos kL cos kL’ (L— E) (1-8) .. .(38). 
5 ae: Scarce: ERANO Ls OAA BE Oat r elt em | 


Again, formula analogous to (14), (18), may be deduced from the equation 
r (mo mz...) 
2m 
=) eee COS (rM, +TM .. SE am, k . . COS (7;M, + 7yM, ...) T (mM, Me ...) 


2m 
diia "Se .. sin (rym, + TM...) T (m, M,...) (39), 


| + sin (rım, + rym, . ST 


which holds from m, =0 to m = 2r, &c., but in many cases universally. In this case, 
writing for T (m,, m,...) the function 


IT he ee e vi-¢-esinuJ~1} ; few n gva =) } (40) ; 
J-i e“ x {evry} 1—ecosu AVOR. Ge ee ES eer ` 


and observing 


ios pee = tam =1 +227 {cos su — J —1sin su} d......(41), 
an exactly similar analysis, (except that in the expansion 

yf ae Won Ae ates ag Pg E VOI 
the supposition is not made that A, s... = A-s, —s,..-), leads to the result 


J1—é@-esinu/ —1 


— 1 et) yfe} (1 — e cos u) 


enw, eaw (—1) lai .} I v 

fi 7E 
-a T N 

E ae Bee Virhe eN D A TO 


: re OE OD 
+ sin (rym +TM, ...) 27 sin (rX + TXA +++) f May Aa ++) «+ (42), 


(n) being the number of variables U,, U,.... Hence also f (AN evan) pe 


J1—é@—te(A— A>) 


“_. 


COR PTL Sie eee iS Lea a. Sin WR 
= A ee cs | cos (rym, +...) cos (riy + ...) II SL cares tat oe) 
um aaa 


Fn E UENO E E Ae a a a Na NR 


2,/—1ya{l -AAD 
a ene re | Fas Me .) 


| +sin (rym, + ...) sin (r XM + yaa | 


= — 


a SS ees 
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By choosing for f{e”™, eY ...}, functions expansible without sines, or without 
cosines, a variety of formule may be obtained: we may instance 


QF OA ge (44), 
1—@ —}e (A— 22) : 


N 


A, having the same meaning as before. 


(PO+27)—el {l- de AHAA 


Also, = Ke 
s0 Riya PA Py pE TE EAEE (45), 
= 5, a 
where kawei Oo E n iee a (46). 
P I EHAE T A A T 
= om nee Vex : ~ 
Again: a a a eal eee (47), 
oer 
ne gaa a A Pa ee ae a eee 
te -1 aya n 
and COADA Ae Be = (I pe A HAD) (A FA) Fe} A ...(48); 
T — GA: Ehen P T. S r N a R 
E 
or, what is the same thing, 
e ATA a TRT ee} OE ERN L 
—}-1 yee -1 j) 
aaia UAU EA a? 
Ly ia 
fae) 
or, comparing with (44), 
| SN BES. AE Lg REL F< aa er a.” 
2_})\-—2 + —1 
lepine i Le A A aren: (50), 
LS yo E 
a or 


which are all obtained by applying the formula (43) to the expansion of e (0—7) 
and comparing with the equations (25), (33). 
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